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HEnAP.AMETPK4ECKHA METOA OUEHHBAH~ 3HEPrHH r-KBAHTOB 
OT T04E4Hl:iX KCT04HKKOB c nOMOlllbD 4EPEHKOBCKHX TERECKonnP 

YcnemHoe npKMeHeHHe TexHHKH MHoroMepHoro aHanH3a An~ 

AHCKPHMHHaUHH 4epeHKOBCKHX H306Pa*eHHA OT cpoHOBblX aAPOHOB npH 

Ha6n~AeHHH Kpa6oBM.llROR TYMaHHOCTH JenecKonoM YHnnnoscKoR 

06cepsaTopHH, Il03BOnHBmee AOBeCTH COOTHomeHHe CHrHan/WYM AO 

N50, AenaeT , B03~0*HOR nocTaHOBKY 3aAaqH HHAHBHAYanbHOA oueHKH 

3HeprHH r-KBaHTa. B HacTo~meR pa6oTe noKa3aHo, q10 s cnyqae 

pa36HeHH~ scero MOAenbHoro KaTepHana Ha co6HTH~, nonasmHe a 

OTAenbHlie 30Hli - KOHUeHTpHqeCKHe KpyrH, COCTO~IIIHe H3 OTAenbHblX 

~qeeK cpoTonpHeMHHKa, - BnH~HHeM npHuenbHOro napaMeTpa MO*HO 

npeHe6peqb , TO eCTb CHHMaeTC~ 3aBHCHMOCTb OT KOOPAHHaT ueHTpa 

qepeHKOBCKoro n~THa. KpoMe Toro, MN He Hcnonb3oBanH 3apaHee 

Billl5paHH}'i) cpopMy ~YHKUK~HanbHOA 3aBHCHMOCTH 3HeprHH OT 

H3Mep~eMblX napaMeTpOB BCilbllllKH. AaHHlie MOAenHpoaaHH~ HenocpeA

CTBeHHO HCilOnb3}'i)TC~ ' s npouenype OU0HHBaHH~, qTo , KaK HaM 

, KaX<eTc~, no3son~eT H36eJKaTb nononHHTenbHblX omH60K, cs~3aHHblX c 
I 

' annpOKCHMaUHeR AaHHblX, IlOABep*eHHblX CHnbHNM cnyqaRHNM HCKa*e-

' HH~M. nonyqeHHa~ OTHOCHTenbHa~ cpenHe-KBanpaTHqHa~ OmH6Ka, 

25-30%, aaeT HaA0llCllY Ha oueHHBaHHe 3HeprHH 
r-KBaHTOB OT KpatSOBHAHOR 

,llOCTOBepHoe 

TYMaHHOCTH, 3aperKCTPHPOBaHHblX 
_o6cepeaTopHeR YHnnn. 
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1 . I NTR OD UCTION 

Two c i rc~mstances underl i e the pr ese nt wor k. First, the 

s uccessful a ppl ication o f . the mul tid imensiona l a na l ysis 

tec hni que f or d i scri mina tion of r - qua nta Cheren kov patt~r ns 

from background hadr ons observed f rom t he Cr ab Nebu l a by me ans 

o f t he Wh i ppl e obse rvat ory t el esc ope. A s igna l con t ent of N50% 

was ach i eved as c ompar ed t o l ess t han 1% i n raw da t a [1]. 

Second, a ra the r good agre e ment of t he t otal Cherenkov 

te l escope si mu l ation conduc t ed by di fferent groups wi th the 

obser vat i ona l data f r om the Cr ab Nebula . At pr esent the Cr ab 

Nebula i s per haps the only reliably ascertained source o f 

hi gh e nergy y-quanta. 

very 

The f irst ci r c umst ance makes t he task o f i nd i vidual 

r-quantum energy est i mation se l f - consistent, as we can be sure 

that half o f t he events is really i niti?ted by primary 

y-qua nta. The second c i rcumstance g ives us hope that it is 

competent to uti l ize bot h the Cherenkov flash parameters for 

d i scri minati on f rom the background [ 2] and the 1 i ght ' 

intensities i n the photor eceiver channels for esti mat i on of the 

i nit i al · energy of y- quanta. 

The firs t wor k on nu~erical est i mati on of the energy o f 

i ndi v i Bual y- quanta seems to be [3] , where t he po l ynomi al f orm 

of t he two parameters, the tota l Cherenkov l ig ht and the flas h 

pat t er n cent re coordinates, is t aken as a n estimate . The 

polynom ia l fo r m coefficient s : wer e sought f or in t wo ~nergy 

range s s e paratel y . The mean-squar e er r or t urned out wi t hi n 

3 0 - 40% . 
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In the present work.it is shown that in case of dividing 

all the simulation data into events fallen into separate zones 

- concentric circles consisting of separate photoreceiver cells 

- one can ignore the impact parameter, i.e. dependence on the 

Cherenkov spot centre coordinates is removed. Besides, we did 

not use the prechosen form of functional dependence of energy 

on the flash parameters measured. The simulation data are used 

in the estimation procedure, this, in our opinion, allowing to 

avoid additional errors due to approximation of the events 

having undergone strong accidental distortions. 

The mean-square error obtained to be 25-30%, gives us hope 

for a reliable estimation of the energy of the r-quanta from 

the Crab Nebula registered at the Whipple observatory. 

2. BRIEF DESCRIPTION OF THE TELESCOPE 

AND THE CALCULATION TECHNIQUE 

The Whipple observatory Cherenkov telescope is in details . 
described in many works (see, e.g., [4] ). We are going to 

present only some parameters of the new photoreceiver that 

allows to improve the pattern quality, and hence, the 

reliability of gamma-ray observations from the Crab Nebula. The 

new photoreceiver consists of 91 photomultipliers (PM) having a 

diameter of 2.9cm, and 18 PMs with diameter 5.0cm. The inside 

91 PMs are placed in 5 concentric hexagonal circles (zones) 

numbered 0 to 5 (0 is the central zone, the zone 5 consists of 

30 PMs). Angular size of cell is o.25°xo.25°. 

•• The following rigid event selection criterion is adopted: 

any 2 of the inside 91 PMs of the photoreceiver must detect a 

signal exceeding some ciitical q
0

>40 photoelectrons. The cells 
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with a signal less than 10 photoelectrons were set to zero [5]. 

is The numerical analysis carried out in the present work 

based both on the Monte Carlo si~ulation of development of 

inittated by cosmic gamma-rays, protons and nuclei, and on 
EAs · 

the 
simulation of registration of Cherenkov radiation from such 

showers. The calculation algorithms used for this 

given in Ref. [6]. 
purpose are 

The charged component of cosmic rays was assumed to 

consist of protons (95%) and a-particles (5%). The contribution 

from heavy nuclei-($1%) was ignored. It was also assumed, that 
, 

the a-particle in the first interaction disintegrated into four 

nucleons with ·equal energies. To make the calculations 
easier, 

they were divided into two stages, the description of which is 

given below. 

In the first stage of calculations, on the basis of 
the 

same realizations of the cascade process, there were simulated 

the responses of a rather large number of Cherenkov 
r-telescopes placed at different distances from the shower 

core. It was assumed that each telescope had 
' 0 0 with small rectangular cells (0.25 x0.25 ) . 

a photoreceiver 

In the second stage there is realized: 

a) Passing to the calculation results that correspond to a 

uniform distribution of the shower core location. 

b) Account of 
the 

the hexagonal structure of 
hotoreceivers and isotropic cosmic-ray background. 

c) Passing to the calculation results that correspond to 
given energy spectra of r-radiation and cosmic 

introducing corresponding statistical weights. 

d) Calculation of Cherenkov image parameters 

further analysis. These are the geometrical parameters 

rays 

used 

of 

by 

in 

the 
light spot and the light intensity in separate cells of 

5 

J 



photoreceiver. 

3. The Nonparametric Regressinn Method 

Suppose, a flux of particles is sporadically and 

independently incident on the atmosphere in accordance with 

some spectrum f(E). Then these particles, undergoing random 

collisions and interactions with air atom nuclei. initiate an \ 

extensive air shower, the parameters of which are registered by ~ 
the experimental setup, i.e. each value of E is put into 

coincidence with some random vector of measurements, 

according to some conditional probability density P(X/E). 

.. x, 

The peculiarity of solution of the regression problem in the 

cosmic-ray physics is the . fact that neither the true spectrum 

f(E) nor the conditional density P(X/E) are known in the 

general case, but there is a training sequence {E. ,X.}, i=l,M 
~ 1 1 TS 

(obtained by simulation) and it is required . to "recover" the 

regression E=E(X) by this sequence (MTS is the number of events 

in the training sample). 

In the absence of systematic errors M{X}E=X(E) (the 

mathematical expectation of random vector measurement at a 

fixed independent variable (energy) is equal to the regre~sion 

functiDn value in that point ) . this proble~ is reduced to one of 

minimization of the average risk 

~ .. 2 I(ot) = J(E-F(X,ot)) P(X,E) dX dE , ( 1 ) 

where F(X,ot) is some functional family depending on the •• 
parameter Ol, P(X,E)NP(X)P(X/E) is the probability density 

function. If there is available a priori information about the 

form of probability function and the chosen functional family 
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F(X,ot) is not too complex, then the regression problem can be 
solved by the least mean squares or the maximal likelihood 

standard methods. 

Due to the complicated stochastic picture of particles and 

nuclei passing through the atmosphere and the detectors, we 
have not to expect a standard . probability interpretation of all 

random processes, that is why we have chosen a method based on 
a nonparame.tric way of treatment of a priori information, which 

does not impose any structure and tot~lly uses the information 

carried by TS. 

Th~ method is t ·seci on the obvious fact that the events 

close to so,,,e metric (usually the Mahalanobis metric [8] is 

used) in the feature space have similar energy the 
compactness hypothesis. The method based on consideration of 

the "nearest neighbours" is first analyzed in Ref.[9]. In this 

work it was shown that when the number of the nearest 

neighbours, K, and the total number of events in TS, M, tend to 

infinity so that K/M-+0, then the risk of ·the procedure tends to 

the minimum achievable Bayes risk and even the use of one 
neighbour increases the risk ~nly twice as com~ared to the 

Bayes risk. The uniform consistency of the following estimate . 

is shown in Ref.[10]: 

k 

~( x ) = E c ' E [ ' ] ( x ) • 
i=l 1 1 

k 

E c. = 1. 
i=l 1 

( 2) 

where E[i](X) is the value of the independent variable (energy) 

of the I-th nearest neighbour of the event X in the feature 
space. 

Despite the fact that the nonparametric procedures ar'.._e 

optimal under unlimited sampling, for the case of finite 

samples there are practically no theoretical and practical 

'recommendations on the choice of the method parameters (e.g., 
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the number of nearest neighbours). 

For best parameter value selection were simultaneously 

calculated several estimates corresponding to different method 
parameter!' k 3,5,7,9,11. ' The weights were taken inverse 
proportional to the distance from the estimated event fr6m 
its's nearest neighbour. 

4. THE y-QUANTA ENERGY ESTIMATION 

Still Hillas and Patterson have mentioned that the radial 

distribution of the Cherenkov light from the EAS initiated by 

gamma-rays (with respect to the centre of the field of view of 

the telescope) is quite stable [11], which is confirmed by our 

calculations (see Fig.1). Fig.1 shows the maximum intensity in 

a cell vs. the impact parameter for the zone 3 events (the zone 

number was identified by the location of the cell with maximal 

intensity). As it is seen from the correlation matrix 
.calculated over the events fallen into zone 3 (Table 1 ), the 

correlation of the two highest intensities AMPl and AMP2 with 

RR impact parameter are negligible. On the other hand, very 

strong correlation of these parameters with initial energy E
0 

indicates linear dependence of quantity of light on the initial 

energy (see Fig.2), this giving a reason to estimate energy 

only by intensity of light. 

The results of energy estimation by model sampling are 

presented in Fig.3. The estimation was carried out in the 

space of two maximal tube intensities AMPl, AMP2, the number of 

the nearest neighbors used was 7, the obtained half width of 

d'stribution of relative errors of estimation was 0.25. 
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5. CONCLUSION 

There . is proposed a simple method of estimation of the 

energy of gamma-rays registered by Cherenkov 

method employs the very strong correlation 
telescopes. 

of intensity 

The 

of 
light with the initial energy in case of separate zone-by-zone 

event analysis. The high estimation accuracy (25-30%) together 

with the technique of multidimensional r-ray event selection 

allows us not only to investigate the spectra of discrete 

sources in the energy range of 0.1 to 10 TeV, but also to carry 

out investigations of interaction of very high energy "y-beams" 

with the atmospheric target. 

The authors thank F.Aharonian and M.Cawley for numerous 
discussions. 
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Fig.1 Maximal tube amplitude dependence 
for Whipple observatory telescope. 
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