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1 _ Introduction 

The p~ imary cosmic ray 

investigated up to energy 

( PCR) 
IS 

10 eV 

energy spectrum has been 

in satellite and balloon 

experiments_ Tre measurements based on detection of EAS ~ainly 

fit to the satellite and balloon data in the energy range up to 

10i
5
ev [1] _ The integral spectrum index changes from 1 _6 to 2 

14 16 
in the energy range 5·10 -10 ev 

•knee·_ 

the so-called spectrum 

A possible step to description of spectrum breaking is the 

study of the energy spect.-a of separate groups of nuclei and 

protons in the regi0n of the knee. since by them or.e can judqe 

about validity of different models of the origin and 

propagation 

to 15
ev by 

of CR_ The proton energy spectra are studied up to 

the JACEE collaboration [2] and in satellite 

experiments - up to to
14

ev [3J _ Selecting the proton Bhowers 

via the presence of high-energy hadrons ir. the calorimete1 

) 
. IS 

(Eh/E
0

N0.25 • the energy spectrum of protons With energy 10 ev 

has been obtained in Ref.[4]. This method is based on the fact 

that the incident particle energy dissipatiun is more ~ntense 

in the cascades initiated by incident nuclei_ But due to large 

fluctuations in the portion of ene1·gy transferred to hadrons at 

a fixed initial energy. such selection may considerably reduce 

the number of protor. showers. In Ref,[S] the fractions of 

different groups of nuclei in PCR were estimated and the energy 
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spectra of the corresponding nuclei 1n the energy range 

1o 15-1o 16ev were obtained by the method of solving the inverse 

problem. The rEsults of Refs.[4,5] mainly coincide with the 

direct experiment data. 

In this paper we shall show how the classification method of 

simultaneous analysis of simular and experimental data 

developed in Ref.[6]. together with the new multivariate method 

of estimation of incident particle energy, allows to recover 

the energy characteristics of fluxes cf different nuclei 

incident on the atmosphere. 

2. EAS Classification 

The detailed description of the multivariate method of EAS 

classification is given in Ref.[7]. The main parameters of the 

model used are also given. Table 1 Gan serve as an illustration 

of the results obtained. The diagonal elements of this matrix 

show the probability for a correct classification of four 

groups of nuclei (P & a. CNO, H. VH), the nondiagonal elements 

- the probability of possible errors. It is seen from Table 

that the protons and iron group nuclei (A=S0-56) are classified 

re!iably (with an efficiency of N70-80S), which gives reason to 

hOPl' for a reliable separation of these events from the total 

PCR flux. 

Not~. that the main difference of the classification method 

from th'3 ones used earlier for solution of the inverse problem 

[3] is that the object of analysis are not the alternative 

distributions~ but each exp~rimental event. It means that we 

determine n0t only the fqtction· of some nuclei group in the 

prirrary flux, but also belonging of Pach event (together wit·r, 

the corresponding error) to a certain group. 

4 

The used Bayes decision rules based on the ada?tive Parzf;n 

estimation of multivari2te probability density proviJe a 

complete account 0f a priori information obtained by simulat1on 

and. what is more, allow to choose an optimal set of feattJres 

by which the events are classified. Not dwelling upon this 

method(seeRefs.[6-9]),in the following section we shall 

briefly describe the nonparametric regression me~hod used also 

to estimate the hadron energy according to X-ray emulsion 

chamber data [9] . 

3. The Nonparametric Reg;·ession Method 

As ground for estimation of the primary particle energy 

serves the fact of its correlation with the EAS para~eters 

measured. Table 2 presents the coefficients Jf ~he primary 

pi'lrticle eo1ergy correlation with various shower pal ameters. It 

is seen that thcugh the total number of electrons in a sho~er 

(N ) is tt-e main parameter useC to esti.mate the ~rimary energy, e .-,. 
the characteristics of the muon componer.t., o:'" EAS correlate with 

E
0 

some~hat better. Tha! is why OUY purpose was to investigate 

thP. possibi~ity of improvement of the accuracy of estimation of 

the primary particle energy via the characte;-istics at the 

electron-photon and the ~uon components of ~AS. 

First. some WJrds about general formula': ion of the 

regression problem (we'll mainly follow Ref."[lo] ). Suppose, a 

flux 0f particles is sooradically and indc:~endently incident on 

the atmosphere in accordance with some spectrum f(E). Then 

these particles. Uoldergoing random call ision3 and interact ions 

~ith a!r atom nuclei. initia~e ar ext~nsive air shower. the 

larameters of whici. are registered by tl,e experimental setup, 

.. e. e<ich value o~ E is put intu coincidetoce with some random 
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vector of measurements, X. according to some conditional 

probability density P(X/E). 

The ~eculiarity of solution cf the regression problem in the 

cosmic-ray physics is the fac~ that ~either the true spectrum 

f(E) nor the conditional density P(;:jE) are known in the 

general case, but there is a training sequence {E.,X.}, i=l,M 
1 1 TS 

(obtained by simulation) and it is r~quired to ~recover" the 

regYession E=E(X) by this sequence (MTS is the number of events 

in the training sample). 

In the absence of systematic err~rs M{X}E=X(E) (the 

mathematical expectation of ~and0m vector measure~ent a~ a 

fixed ind~pendent variable ( erergy) is equal to the regression 

function value in that point) this problem is Yeducerl to one of 

minimization of the a\.'erage risk 

where F( X ,a) 

parameter a. 

I( a; f<E-F(X.a)).: P(X.E) dX dE. 

is some functional 

P(X.E)......,P!X)P(X/E) is 

family deperding 

the probability 

( I ) 

on the 

density 

function. If there is available a priori information about the 

form of probability function and the chosen functional family 

F(X,a) is not too complex, thP.n the regression pr0blem can be 

solved by the least mean squares or the maximal likelihood 

standard methods. 

Due to the complicated stochastic pictur~ of particles and 

nuclei paesing thr~ugh the atmcsphere and the detectors, we 

have not to expect a ·standard probability interpretation of all 

random processes. that is why we have c~osen a method based on 

a.nonparametric way of treatment of a rriori information, whiGh 

does not impose any structure and to!ally uses the information 

carried by TS. 

The· method is based oro the obvious fact that the events 

close to some mel.r 1c (usually t:he Mahalanobi's metric [11] is 

used) in the feature space have similar energy the 

compactness hypothesis. The mettod based on coneideration of 

the Mnearest neighbours• is first analyzed in Ref.(i2]. In this 

work it was shown that when the number of the near~st 

neighbours. K. and the total number of events in TS. H, tend to 

infinity so that K/M•O. then the risk of the procedure tends to 

the minimum achievable Bayes risk and even the use of one 

neighbour increases the risk only twice as compared to the 

Bayes risk. The uniform consistency of the following estimate 

is shown in Ref.(13]: 

k 
!':(X)= E C.E["] (X), 

i=l l 1 

k 
Ec.~ 1. 

i=1 
1 

( 2) 

where E(i](X) is the value of the independent variable (energy) 

of the i-th nearest neighbour of the event X. in the featun=~ 

space. 

The weight coefficients ci are optimized 

the mean-square quality function. e.9 •• 

estimation. is •inimized. 

I . - 2 
11SE= E<E.-E.(X )}/M, 

I 
1 (1) 

=I 

by TS so that some 

error (11SE) of 

(3) 

where the index ( i) means that the i-i:h event. the energy of 

~o~hich is estimated"; Is terc;::aorari ly reseoved fr0111 TS 

(leave-one-out test). Despite the fact that the n~~ametric 
procedures are optimal under unli•ited sampli0g. for the case 

of finite sample$ there are practically no theoretical and 

practical reco~~~~~~endations on the choice of the method 

...,arameters (e.g •• t~ lllllaber of nerueat neighbourc). That is 

7 



why we apply the estimate aUaptation ideology to the regressio •. 

lnalysis. which was developed for multivariate nonparametric 

estimation of density function [14]. In this approach there are 

simultaneously calculated several estimates corresponding to 

different method parameters. The median of the ordered sequence 

is taken as final estimate. 

4. Results of Calculations 

To estimate the accuracY of primary particle er>ergy 

estimation by the method of nonparametric regression. there 

were generated showers with initial energy E
0

>soorev_ The 

preprocessing of showers was carried out by the data handling 

algorithms used in the Tien~Shan experiment [IS] • The 

detector~induced fluctuations were taken into. account when 

determining the characteristics of the electron~photon and the 

muon components. After preprocessing of showers. part of them 

were used as TS and another- as •experimental· data. Table 3 

presents the results of estimation of the energy of 

·pseudo-experimental• events in various ranges of N initiated 
e 

by incident protons and nuclei with A).:24. The relative 

mean-square errors are presented ibid. Figs.l and 2 show the 

histograms of relative mean~square deviations (RMSD). for 

proton and nuclear events. calculated via: 

RMSE. 

' 
(Ei~Ei)/Ei" I ,M ( 6) 

where E. is the true energy of the event estimated and E. is 
' ' ita nonparametric estimate. The features used are N and N , 

e !.1 
the number of the kernel widths used is 5 ~ from 0.1 to 10. It 

is se~n from these figures that in case of events initiated by 

8 

incident nuclei. the mean~square error of estimation is ..... ~.5 

times small~r than that for proton~induced events. which is due 

to a stronger correlation of EAS parameters with the initial 

energy in case of nuclear events as compared to the the 

proton~initiated events (see Table 2)_ 

Figs.3 and 4 show the ~true~ integral energy spectra ot 

protons and nuclei with A)24 (the true spectrum corresponds to 

100% of correct classification of protons and nUclei and tn 

zero error in determination of primary particle energy)_ ThP 

wexperimental ~spectra obtained as a result of classificatio•, 

of events initiated by the technique presented in Ref.[?] a•11j 

then- - by nonoarametric estimation of energy. are presen! •.!d 

ibid. As is seen from these figures, there is a satisfact.Jry 

agreement between the wtruew and estimated energy spectra. The 

energy of events is somewhat overestimated for the ·pr •ton· 

events (the measured EAS characteristics of miscla~ .ified 

nuclei are attributed to protons with high energy) 2 uj are 

underestimated in cas~ of selected events attributed hL'dVY 

nuclei (vice versa)_ The presence of such distortions !<!ad·., to 

some change in the index of the integral energy srectnJm of 

incident protons and nuclei. To obtain a quantitati''~ estimate 

of the degree of distortion of the index of the in'egral energy 

spectrum of protons and heavy nuclei, the ':orrespondinq 

distributions were approximated by power--lali'f, wi• h the help of 

the minimization p,..-ogram WFUMILI w frr ;n the CERN 

program-library_ For true proton events t 11e sper:::trum is 

approximated by~ 

Itr(E>S00)=(4.75 ± 0.036)E -l.?bl ~ 0 -013 
p 

for selected proton events it is approxim,t~d by: 
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est Ip (E>500)=(4.59 ± O.Obl )E-1.702 ± 0.021 

=or the events initiated by ~eavy nuclei it is approximat~ by 

Itr(E>S00)=(4.Sb ± 0.075)E -1.691 ± 0.030 
A 

Ies_t(E>S00)=(4.84 ± o.099)E-1.770 ± 0.037 
A 

respec~ively. 

It follows from these formulae that the relative error at 

determination of the integral energy spectrum index is -as for· 

incident protons and ,.,.sz for incident nuclei with A>24. 

5. Conclusion 

The method proposed for studying the energy spectra of PCR 

in the energy range from 10
15 

to to
17

eV via EAS data is based 

on: 

a) high reliability of multivariate classification of EAS 

(efficiency of identification of protons and nuclei in a PCR 

flux i~- -7o-aos); 

.b) high accuracy of primary paTticle energy determination by 

the nonparametric·regression method trelative ~n-square error 

is to-251: ). 

BY the characteristics of the electron-photo<l and the muon 

components of EAS we can deterwine the parameters of proton and 
• 

nuclear •beams• incident on the inter.face with the atmosphere. 

Detection and: inveStigation of ~he products of interaction 

of these particles with the at.asphere (target) will allow to 

study PA and AA interactions at energies to
15

-to
17

ev. 

T~ authors thank A.M.Dunaevsil:y for discussions and 

E.A.Mamidjanian for. a stimulating interest in this work. 
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Table 1 

The Bayes Error Matrix 

p 

CNO 

H 

VH 

5 5 
1·10 <N <2·10 

e 

p CNO H 

0.798 0.102 0.007 

0.127 0.68S 0.105 

0.072 0.113 0.691 

0.034 0.090 0.150 

Tabte 2 

VH 

0.033 

0.080 

0.124 

0.726 

The coefficients of correlation of the characteristics of the 

p 

Fe 

electror~photon and the muon component~ of EAS 

with initial energy 1·to5 <N <2·105 
e 

N N (E >SGeV) s N (E )200GeV) E E (E >200GeV) 
e I' I' I' I' I' I' 

0.355 1),730 0.33 0.678 0.584 

0.495 0.953 0.23 0.899 0.892 
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Table 3 

Mean-square errors of est:imation of the energy of protons 

and nuclei with A>24 

<N }/!05 
0 .66±0 .196 1.404±0.281 2.716±0.534 9.758±1.079 e . 

<N }/103 
2.74±0.258 3.839±0.335 5.881±0.667 14.54~±1.01 ~ 

NP 
T5 

864 913 484 402 

NP 439 465 256 216 exp 

RMSEP( Z) 20 24.3 25 25 

NA 
T5 

377 357 184 128 

NA 184 225 102 73 exp 

RMSEA( Z) 10 .1 10.6 9.7 10.6 
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Figure Captions 

Distribution of the relati~e error of energy 

of incident protons within 1·10
5

<N <2·to
5 

e 

estimates 

Fig.2 Distribution of the relative error of energy esti~ates 

of incident nuclei witn A>L:4 witl-.in l·Io
5

<N <2·10
5

. 
e 
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