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A B S T R A C T

High-dimensional classification and feature extraction present significant challenges in analyzing astrophysical 
data. This paper describes the implementation of the Multiple Random Search with Early Stop (MRSES) algo
rithm to detect weak, structured signals within high-dimensional noise. We adapt MRSES for use in stellar 
population studies by applying it to APOGEE-derived elemental abundance data from the globular clusters M13 
and M3.

The MRSES method uses stochastic subset evaluation guided by the Bhattacharyya distance to rank features by 
their contribution to class separability. In globular clusters, this approach enables the recovery of chemically 
distinct subpopulations without assuming linearity or relying on marginal statistics. In M13, MRSES identifies 
classic second-generation markers, such as [Al/Fe] and [Na/Fe]. Meanwhile, in M3, it detects more subtle 
variations driven by iron-group elements, highlighting its sensitivity to weak internal differences.

Benchmark tests on synthetic Gaussian datasets verify the method’s robustness under different di
mensionalities and correlation structures. MRSES avoids classical overfitting by using stochastic sampling instead 
of parametric fitting, and the Bhattacharyya distance threshold reflects an empirically calibrated noise boundary 
rather than an arbitrary parameter.

1. Introduction

Recovering weak, structured signals in high-dimensional data is a 
central challenge in data analysis, especially when the number of fea
tures far exceeds the number of samples. This issue arises in astro
physical studies, where large-scale stellar surveys provide rich 
multidimensional chemical and kinematic information across diverse 
stellar populations.

Traditional methods such as LASSO (Tibshirani, 1996) and Random 
Forest (Breiman, 2001) often suffer from instability, correlated feature 
suppression, or poor generalization in small-sample, high-noise regimes.

Recent breakthroughs in high-resolution stellar spectroscopy, espe
cially from the APOGEE DR17 survey (Abdurro’uf et al., 2022), have 
opened new opportunities for multivariate statistical methods in stellar 
population analysis. Globular clusters such as M13 and M3, once 
considered chemically homogeneous, are now known to host multiple 
generations of stars distinguished by variations in light-element abun
dances, including [Na/Fe], [Al/Fe], [O/Fe], and [Mg/Fe] (Carretta 
et al., 2009; Johnson and Pilachowski, 2012; Mészáros et al., 2020). 
While univariate thresholds (e.g., [Na/H] ≥ − 1.35; Assisi et al., 2022) 
can define chemical populations, they fail to exploit the full multivariate 
structure embedded in these stellar systems.

To address the limitations of both traditional univariate filters and 
regularized linear models, we apply the Multiple Random Search with 
Early Stop (MRSES) algorithm (Chilingarian, 1995; Chilingaryan et al., 
2002), originally developed for weak-signal recovery in gene expres
sion. MRSES employs randomized sampling of small feature subsets, 
evaluated by the Bhattacharyya distance (Bhattacharyya, 1943), to rank 
features based on their participation in subsets that yield strong class 
separation. This strategy captures joint statistical structure, handles 
noise, tolerates redundancy, and scales to thousands of dimensions 
without relying on matrix inversion over the full high-dimensionality 
space.

The MRSES algorithm was originally developed during a time of 
limited computational resources, where early stopping was a practical 
way to reduce processing time by halting unproductive search paths. 
However, with the advent of modern multi-core and distributed 
computing architectures, each random search path in MRSES can now 
run in parallel. This change makes early stopping largely unnecessary, as 
the total number of paths (R) can be processed in parallel across CPUs or 
GPUs. As a result, the entire search space can be explored without early 
stopping, which improves stability and signal recovery without adding 
significant time.
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2. Methods

This section offers a brief overview of the methods used for bench
marking and case studies of globular clusters. These methods are 
multivariate and nonparametric, focusing on sparse data points in high- 
dimensional spaces. Analyzing high-dimensional astrophysical data re
quires approaches that can capture multivariate dependencies without 
relying on specific functional forms or parametric distributions. In 
stellar-abundance studies, correlations among chemical elements and 
kinematic indicators are often nonlinear and may differ across small 
stellar samples. Traditional linear or parametric techniques, such as 
regression or discriminant analysis, are inadequate because they depend 
on Gaussianity, independence, or large-sample assumptions that seldom 
hold true in real survey data.

For these reasons, we adopt a suite of nonparametric and multivar
iate algorithms that can operate effectively in sparse, noisy, and corre
lated environments. Among them, MRSES serves as the primary feature- 
selection framework, complemented by Random Forest, LASSO, and 
PCA estimators for comparative evaluation. Each of these methods ex
plores the data from a different perspective—stochastic subset selection, 
ensemble decision trees, sparse regularization, orthogonal projection, 
and local density estimation—providing a broad methodological basis 
for identifying weak but physically meaningful patterns in stellar 
populations.

2.1. MRSES algorithm

MRSES is a stochastic feature selection and subset evaluation method 
designed for extremely large feature spaces. The MRSES is detecting 
genuine correlated feature ensembles embedded in high-dimensional 
noise.

The algorithm operates on 2 samples of N-dimensional alternative 
classes as follows: 

1. Setting MRSES parameters: 
• R – number of independent random searches in the N-dimensional 

feature space.
• K - the subset size randomly selected on each search (K<<N).
• DBh - the minimum distance between classes for storing the sub

samples, if this distance for the r-th trial is Di > DBh, i = 1, R.
• Implement stopping rule Rstop if no improvement in the quality 

function occurs (early stopping); important for very large R when 
computational resources are limited.

2. At each step, select a random subset of K features and evaluate the 
Bhattacharyya distance (Bhattacharyya, 1943) between the 2 clas
ses; store all variables comprising the subsample if D > DBh.

To quantify how well a feature subset separates two distinct classes, 
we use the Bhattacharyya distance. The Bhattacharyya distance (Bh) 
includes both mean separation and covariance structure, making it a 
superior metric compared to using Mahalanobis or covariance diver
gence alone. Bh is a statistical measure of class separability — it quan
tifies how much two feature distributions overlap. In the context of 
MRSES, it is central for evaluating the discriminative power of random 
feature subsets.

The Bhattacharyya distance between two multivariate distributions 
N(μ₀, Σ₀) and N(μ₁, Σ₁), where μ₀ and μ₁ are means and Σ₀ and Σ₁ are 
covariance matrices, is defined as: 

DBh = 1
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The first term in the Bhattacharyya distance formula is a generalized 

Mahalanobis distance between the class means, computed using the 
average covariance matrix Σ = (Σ₀ + Σ₁)/2. As a result, this term reflects 
centroid separation smoothed over both class structures—it includes the 
influence of correlations but does not distinguish between them. In other 
words, if Class 1 has internal correlations and Class 0 does not, those 
correlations are diluted (smeared) in the average Σ, weakening the 
sensitivity of this term to structural differences.

In contrast, the second term of the Bhattacharyya distance explicitly 
compares the determinants of the individual covariance matrices Σ₀ and 
Σ₁. This term directly captures differences in covariance structure, for 
example, when Class 1 contains correlated feature pairs and Class 0 is 
unstructured. It is the only part of the formula that treats the class co
variances separately. It thus becomes critical to detect second-order 
effects, such as pairwise dependencies, that would be invisible to the 
Mahalanobis term alone.

Together, the two terms allow the Bhattacharyya distance to capture 
both location-based (mean) separation and shape-based (covariance) 
separation, making it an ideal scoring function for MRSES, especially in 
scenarios where correlations are the only distinguishing signal. 

3. After applying the stopping rule or fulfilling all random trials R, 
integrate in a frequency histogram the variables from the best 
selected subsets.
4. Present the best variables based on their appearance in the inte
grated histogram.

MRSES is specifically designed to reduce the risk of overfitting in 
high-dimensional, small-sample problems through its nonparametric 
random-subset approach. Unlike optimization-based or iterative 
learning algorithms (e.g., LASSO, SVM, neural nets), MRSES does not fit 
parameters to the training data. Each subset of K features is evaluated 
independently using a closed-form separability measure (Bhattacharyya 
distance), and the algorithm simply counts how often features appear in 
subsets that surpass a fixed threshold. This process combines statistical 
evidence from thousands of random projections instead of tuning 
weights, which greatly suppresses overfitting. Furthermore, because 
subsets are small (K ≪ N) and selected randomly, the chance of 
repeatedly sampling noise features is low, and their impact averages out 
across many R.

This stochastic averaging creates a regularization effect similar to 
ensemble bagging.

2.2. Random forest (RF)

Random Forest is a widely used ensemble learning algorithm that 
constructs an array of decision trees and aggregates their outputs to 
enhance prediction robustness and accuracy. Each tree is built from a 
bootstrap sample of the training data, and node splits are determined 
using a randomly selected subset of features. The final classification is 
obtained by majority vote across the trees. In feature selection, Random 
Forest computes feature importance by evaluating the average decrease 
in impurity contributed by each feature across all trees. Features that 
consistently lead to purer splits are ranked higher in importance. In our 
experiments, the Random Forest classifier was implemented using the 
scikit-learn library (Breiman, 2001) with the following default settings: 

• Number of trees (n_estimators): 100
• All other parameters: default values as provided in scikit-learn 1.3

2.3. LASSO logistic regression

LASSO (Least Absolute Shrinkage and Selection Operator) is a 
regularized linear model that performs embedded feature selection by 
applying an L1 penalty to the model coefficients. In logistic regression, 
this penalty drives many coefficients to zero, thereby selecting a sparse 
subset of features while maintaining classification performance. We 
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used LASSO in the form of L1-penalized logistic regression, implemented 
via the scikit-learn LogisticRegression module with the following 
configuration: 

• Penalty type: L1
• Solver: liblinear (supports L1 regularization)
• Regularization strength (C): 0.1
• Maximum iterations: 1000

This configuration ensures stable convergence and adequate sparsity 
for high-dimensional gene expression datasets.

2.4. Principal component analysis (PCA)

Principal Component Analysis (PCA) is an unsupervised dimension
ality reduction method that projects data onto orthogonal directions 
(principal components) of maximum variance. In feature selection tasks, 
PCA ranks features based on their contribution (loading) to these com
ponents. However, in high-dimensional classification problems where 
noise features have large variances, PCA often prioritizes these over true 
signal variables. This leads to failure in recovering meaningful 
discriminative features.

3. Benchmarking, comparisons with lasso, PCA, and random 
forest

The selection of datasets for benchmarking focused on extremely 
high-dimensional settings and three nonparametric data classification 
methods. We mainly aim to show MRSES’s ability to identify at least 
some true features in noisy, very high-dimensional settings. By adding 
correlations among signal features, we evaluate how the method can 
utilize collectively discriminative features.

To ensure that MRSES was rigorously validated before its astro
physical application, we designed a sequence of controlled benchmarks 
using synthetic Gaussian datasets. These artificial datasets allow precise 
control over dimensionality, correlation, and signal strength, enabling 
systematic evaluation of algorithmic behavior under well-defined noise 
conditions. Such benchmarks are essential because astrophysical abun
dance data are inherently high-dimensional, sparse, and noisy, and 
direct ground-truth labels are unavailable. Therefore, simulated datasets 
provide the only reliable way to quantify the sensitivity and stability of 
MRSES in recovering weak, structured signals.

The benchmarks were constructed with simple yet representative 
assumptions: two classes of equal size were drawn from multivariate 
normal distributions that differed only in a small subset of features 
(“signals”), while the remaining dimensions contained high-variance 
noise. This configuration reproduces the real imbalance between infor
mative and non-informative features typical of chemical-abundance 
analyses in globular clusters. Subsequent sections describe the algo
rithms and parameters used in these tests.

3.1. To evaluate MRSES’s performance against standard feature selection 
methods, we compared it with lasso, PCA, and random forest on two 
benchmark problems featuring 3 signal variables among thousands of noise 
variables. we limited our comparison to these two widely used and 
representative methods in the current high-dimensional classification 
landscape

Random Forest, PCA, and Lasso. The test involved datasets with 
3000, 5000, and 10,000 total features, with only 3 designated as signal 
variables and the rest as noise. Signal variables were sampled from N 
(0,1) for class 0 and N(1,1) for class 1, while noise variables were drawn 
from N(0100). This means that signal samples are generated from 
multivariate Gaussian distributions with means of 0 and 1 and the same 
unit variances, whereas the random noise is generated from a Gaussian 
distribution with a much larger variance of 100. The sample size was 

100, with 50 in each group. The subset size was set at 20. Tests included 
both uncorrelated and correlated signal cases to assess the effect of 
feature correlation on the ability to recover the optimal signal (Table 1).

As we can see, the MRSES algorithm recovers genuine features for all 
dimensionalities (3/3), whereas LASSO and PCA cannot find the signal 
even at 3000 dimensions. RF and LASSO failed to produce valid outputs 
for N = 10,000. PCA fails to recover any of the 3 genuine signal features 
across all benchmark cases. This is because PCA tends to prioritize di
rections of maximum total variance, which in this synthetic setting are 
dominated by the high-variance noise features.

Thus, we compared MRSES with other methods under extreme 
conditions (10,000-dimensional Gaussian tests). MRSES remained stable 
without divergence or inflated variance, whereas model-based methods 
either failed to converge or overfit to random fluctuations.

3.2. Signal correlation sensitivity (N = 10,000)

The correlated tests sampled signal variables from a multivariate 
Gaussian distribution with pairwise correlation from 0 to 0.6. The results 
shown in Table 2 prove the high reliability of the MRSES method in 
selecting correlated variables.

MRSES successfully recovered all three signal features in the extreme 
dimensional test cases (only 3 signals out of 10,000). Lasso and PCA 
failed at N = 3000. Random Forest succeeded at N = 3000 and 5000, but 
also failed at 10,000, even after reducing the number of trees.

4. MRSES sensitivity analysis with varying signal structures

In this section, we show the performance of the MRSES in detecting 
genuine correlated feature pairs embedded in high-dimensional noise. 
We compare several scenarios with varying levels of signal strength and 
population structure within Class 1 in comparison with pure noisy Class 
0. We employ various Class 1 configurations to assess the influence of 
signal prevalence and sample size on the recovery of correlated features. 
All experiments used the following setup:

N = 100 variables
K = 5 randomly selected from N
R = 1000 - 20,000 subsets of K variables randomly selected from 

multivariate Gaussian populations with superimposed correlation 
structure in class 1.

Both Class 0 and Class 1 had 500 samples each. Class 0 samples were 
drawn from a standard normal distribution and contained no structure. 
In contrast, for each run, Class 1 samples included three randomly 
selected feature pairs (a total of six dimensions) that were correlated 
with strengths from 0.1 to 0.9. These correlated pairs were freshly 
generated in each run to ensure independent signal configurations.

During each run, R random subsets of K variables were selected. The 
Bhattacharyya distance between Class 0 and Class 1 was calculated by 
projecting onto a randomly chosen subset. We kept only subsets whose 
inter-distances exceeded the threshold of 0.02, as these were believed to 

Table 1 
Comparison of genuine feature recovery by 3 methods for different feature space 
dimensionality in synthetic data sets.

Dim N Method Recovered

3000 MRSES 3
3000 RF 3
3000 LASSO 0
3000 PCA 0
5000 MRSES 3
5000 RF 2
5000 LASSO 1
5000 PCA 0
10,000 MRSES 3
10,000 RF 0
10,000 LASSO 0
10,000 PCA 0
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contain some meaningful signal. After joining all valid subsets, variables 
were ranked by their frequency, and the top 20 were plotted.

The value Bh > 0.02 was derived empirically from the observed Bh 
distribution in purely random (ρ = 0) and weakly correlated (ρ =
0.2–0.6) test cases.

In noise-only simulations, 99.5 % of subsets produce Bh < 0.02, 
whereas correlated subsets (ρ ≥ 0.4) shift the distribution tail beyond 
this boundary. Thus, Bh = 0.02 serves as a statistically justified cutoff 
separating random noise from weak but genuine correlations.

In Fig. 1, we compare 2 random generators: the Sobol low- 
discrepancy deterministic generator (Sobol, 1967) and the 
PCG64-based NUMBA pseudorandom generator.

The pseudorandom histogram exhibits noticeable statistical fluctu
ations. Some features appear >40 times, while others are selected fewer 
than 15 times. This unevenness can bias MRSES results, particularly in 
low-signal scenarios. In contrast, the Sobol histogram shows far more 
uniform sampling, with all features being selected near equally, despite 
filtering for uniqueness. This confirms that Sobol sampling offers better 
space-filling properties and helps suppress spurious artifacts caused by 
clustering.

To quantify this, we compare the coefficient of variation (CV), 
defined as the ratio of the standard deviation to the mean of the selection 
frequency. A lower CV indicates a more uniform distribution. The 
pseudorandom CV was 0.217, while the Sobol CV is approximately 2 
times smaller – 0.116.

However, pseudorandom sampling is essential for statistical testing 
and ensuring the independence of random sequences. Sobol sequences 
are preferable when uniform coverage of the multivariate feature space 
is required, such as in astronomical or exploratory data analysis 
applications.

To assess the sensitivity of the MRSES algorithm to different levels of 
correlation, we conducted a series of controlled simulations. With a 
strong correlation of ρ = 0.9 between three known feature pairs, MRSES 
recovered all six correlated features in every trial. In Fig. 2, histograms 
showed correctly selected features in red. Among selected features in 

subsamples with Bhattacharyya distance above 0.02 (the selection of the 
Bh threshold will be discussed later), the correlating pairs dominate; 
thus, the ranking of features unambiguously selects them.

The results shown in Fig. 2 confirm the progressive strengthening of 
signal detection with an increasing number of MRSES trials. The number 
of “correct” selections (red) becomes overwhelming as the number of 
independent random trials R increases from 1000 to 10,000.

In the next simulation, we evaluated the stability of the MRSES al
gorithm in detecting genuine correlated features under weak correlation 
conditions. Specifically, we fixed the correlation coefficient at 0.4 and 
used 5000 random subset trials in each of ten independent runs. The 
primary aim was to observe how consistently MRSES could identify the 
true signal features when the correlation strength was not strong.

The results presented in Fig. 3 showed that ten independent runs 
successfully identified all six genuine features. This consistent recovery, 
despite not very strong correlation, demonstrates that MRSES is highly 
stable under these conditions. The count histograms also revealed 
similar patterns across runs, with most values clustered near the 
threshold, indicating that the signal was reliably detectable.

Other tests reveal the dependencies of feature recovery on correla
tion and signal coverage. This test examines how the MRSES algorithm 
responds to varying correlation strength between signal features. A fixed 
set of 6 genuine features is embedded with increasing correlation values 
from ρ = 0.1 to ρ = 0.5. After applying a Bhattacharyya filter (Bh > 0.02) 
and selecting the top 20 features, Fig. 4 shows the fraction of genuine 
features recovered (out of 6).

The Bhattacharyya distance threshold (Bh > 0.02) was originally 
introduced as an empirical filter to suppress random subsets dominated 
by pure noise. This threshold was chosen after inspecting the Bh dis
tributions for purely random (ρ = 0) and correlated (ρ ≥ 0.3) feature 
ensembles. Below Bh ≈ 0.02, nearly all subsets correspond to random 
noise, and their inclusion only adds statistical fluctuations without 
affecting the final ranking.

To examine whether the threshold interacts with correlation 
strength, we repeated the MRSES simulation for several fixed correla
tions (ρ = 0.3, 0.6, 0.9) while varying the Bh filter from 0.0 to 0.05 in 
steps of 0.01. The results show that the total number of correctly 
recovered features increases monotonically with correlation strength, 
but the dependence on the threshold is weak once ρ ≥ 0.4. At very low 
correlations (ρ ≤ 0.2), the number of detected features decreases 
rapidly, since weakly correlated subsets no longer exceed the cutoff. 
Thus, the threshold primarily serves as a noise-suppression control 
rather than a sensitivity limiter: strong correlations remain detectable 
over a wide range of thresholds, while uncorrelated noise is efficiently 
excluded when Bh ≥ 0.02.

Table 2 
Signal recovery results for various correlations among 
signal variables shown by the MRSES algorithm, 
dimensionality 10,000.

Correlation (ρ) Recovered

0.0 3
0.2 3
0.4 2
0.6 3

Fig. 1. Side-by-side histogram comparison of feature selection frequencies. The left panel shows results from a standard pseudorandom number generator. The right 
panel shows results using a Sobol low-discrepancy sequence. In both cases, subsets of K = 5 features were selected from an N = 100-dimensional space, with R = 512 
trials. Each bar represents the frequency with which a feature was selected across all valid subsets.
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Fig. 2. Top 20 most frequently selected MRSES features for increasing numbers of trials (R = 1000, 5000, 10,000) with ρ = 0.9. Each panel counts accumulated only 
from subsets where Bhattacharyya distance > 0.02. Red bars indicate features from the true correlated pairs; blue bars represent noise. Features are sorted left to 
right by decreasing selection counts.

Fig. 3. Histograms of Bhattacharyya distances greater than 0.02 from 10 independent MRSES runs with correlation coefficient ρ = 0.4 and R = 5000. Each run uses a 
new set of 3 randomly selected correlated feature pairs among 100 dimensions. The histograms display the distribution of distances of subsets that contributed to 
feature selection. The number of correctly selected genuine features (out of 6) for each run is shown in the panel title.

Fig. 4. Fraction of genuine features (out of 6) selected by MRSES vs. correlation coefficient (ρ). Parameters:R = 5000, N = 100, K = 5, Class 0 and Class 1 sizes equal 
to 500. Only subsets with Bhattacharyya distance Bh > 0.02 contribute to feature selection.
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In the following illustrative benchmark, we have N = 100 features, 
two classes, each with 500 events, and the subset size K = 5. Class 0 is 
completely unstructured (independent Gaussian noise). Class 1 contains 
three correlated feature pairs, each representing a weak internal struc
ture; all other features stay random and uncorrelated. Separability is 
primarily determined by whether the chosen subset of K variables con
tains the true signal structure. Therefore, the expectation of a cross- 
classification error—averaged over informative and non-informative 
subsets—accurately reflects recoverable information. A subset is 
considered informative if it includes at least one true correlated pair 
from Class 1. Per-pair inclusion probability: 

P( pairin K) = C(K,2)/C(N, 2) = 10/4950 ≈ 0.002,

where C is the combinatorial coefficient. 

With 3 pairs : Pinfo ≈ 1 − (1 − 0.002)3
≈ 0.006.

Let Bsignal be the Bayes error for informative projections (strong 
correlation ρ within the detected pair; empirically, 0.20–0.60). The ex
pected error over random subsets is: 

E[P] = Pinfo ⋅Bsignal +
(
1 − Pinfo

)
⋅0.5 ≈ 0.4984.

Thus, the expected classification error differs only slightly from that 
of a random decision. Hence, only the rare informative subsets produce 
Bh > 0.02.

Expected count of informative subsets in R trials equals: R × Pinfo. To 
harvest ~50 informative subsets, you need 

R ≈ 50
/
0.006 ≈ 8.3 × 103 trials.

Thus large but feasible R (10³–10⁴) is required to reliably expose the 
correlated structure in Class 1.

In structured versus random comparisons with sparse correlations, 
the expected classification error is a useful measure of recoverable in
formation. At the same time, the raw signal-to-noise ratio (SNR) pro
vides little insight into actual separability in random-subset ensembles. 
SNR only assesses the difference in variance between the signal and 
noise. Still, in multidimensional random searches, the main limiting 
factor is the likelihood of selecting the correct combination of correlated 
features that contain class-specific information. When only a few 
correlated pairs exist among hundreds of variables, the effective 
discriminative power mainly relies on this combinatorial probability. 
Therefore, the expected classification error E[P] offers a much more 

realistic indicator of true discriminative capacity.
In the next test, the correlation strength is fixed at ρ = 0.6, and the 

number of embedded correlated feature pairs varies from 10 % to 50 % 
of the total sample. Fig. 5 shows the proportion of embedded genuine 
features recovered, illustrating how MRSES performance scales with 
partial signal embedding.

At 10 % correlation, MRSES performance is low, as expected. Only 
50 out of 500 Class 1 samples carry a usable signal, and no genuine 
correlated variables are discovered. As the proportion increases, MRSES 
recovers more genuine features, benefiting from the statistical rein
forcement of signal exposure. At 40–50 %, recovery approaches perfect 
identification, demonstrating that even moderate correlation levels are 
sufficient if the correlated structure appears in a large enough portion of 
Class 1. These results show that MRSES is sensitive to both correlation 
strength and signal coverage. Across hundreds of controlled simulations, 
we systematically varied the correlation strength and the coverage of 
correlated samples to evaluate MRSES performance under realistic and 
challenging conditions. Multiple tests strongly indicate that MRSES is 
highly sensitive to both the correlation strength and signal coverage. 
However, MRSES reliably recovers genuine features even under partial 
embedding and achieves full recovery with strong correlations. The 
simulations comprehensively demonstrate that MRSES: 

• Scales favorably with the number of subset trials (R),
• Recovers true features even under weak correlation (ρ ≈ 0.4),
• Exhibits a clear recovery threshold concerning correlation strength,
• Requires a minimum signal prevalence (≥30–40 %) for robust 

performance.

These behaviors make MRSES especially effective for high- 
dimensional datasets with sparse, structured signals, where traditional 
linear feature ranking would fall short. The frequency-based approach, 
combined with Bhattacharyya filtering, allows multivariate de
pendencies to surface even when individual variables lack discrimina
tive power.

5. Globular cluster dataset selection: M3 and M13

The M13 dataset for MRSES analysis was selected directly from the 
APOGEE DR17-derived catalog (Abdurro’uf et al., 2022). APOGEE 
(Apache Point Observatory Galactic Evolution Experiment) is part of the 
Sloan Digital Sky Survey (SDSS) and uses ground-based high-resolution 

Fig. 5. Fraction of 6 genuine features selected by MRSES as a function of the percentage of correlated samples in Class 1.
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infrared spectroscopy. APOGEE provides chemical abundances and 
radial velocities for hundreds of thousands of stars. The DR17 contains 
measurements of elemental abundances, stellar parameters, and cluster 
assignments. The process used to define the sample involved identifying 
stars assigned to M13 and M3 by APOGEE, based on the GC_NAME field, 
which is ’NGC6205′ for M13 and ’NGC5272′ for M3, respectively. 
Filtering was applied to the dataset to ensure valid values for NA_FE and 
FE_H, meaning that both sodium-to-iron abundance and overall metal
licity had to be within the numerical range (− 10, +10), effectively 
excluding missing or placeholder values from the pipeline output.

The [Na/H] was based on the physically and spectroscopically 
justified transformation (Cassisi, 2005): 

[Na/H] = [Na/Fe] + [Fe/H]                                                               

which follows directly from the logarithmic definition of elemental 
abundance ratios.

In Table 3, we display the variable coding and the catalog entries that 
were partially imputed with their feature-wise mean values. In the final 
construction of the M13 MRSES dataset, only one entry was maintained 
per APOGEE_ID. This was done to eliminate duplicate stars and prevent 
multiple weighting in the analysis. Out of 152 entries originally labeled 
as M13, 11 were identified as duplicates, meaning the same APOGEE_ID 
appeared more than once with different abundance values. After 
removing these, the final dataset contains 141 unique stars.

Additionally, variable F6 ([Na/H]) was excluded from the input 
feature table because it was used for class separation. The resulting 
datasets include 18 MRSES input features.

Fig. 6 illustrates the [Na/H] distributions used to divide stars into 
two chemical populations in M13 and M3 (Assisi et al., 2022). The 
threshold of − 1.35 was applied uniformly to both clusters.

6. MRSES analysis of globular cluster chemical composition

Globular clusters were once believed to contain single stellar pop
ulations. However, high-resolution spectroscopy and photometry have 
revealed that many clusters host multiple stellar generations, with 
distinct chemical signatures, especially in elements such as Na, O, C, N, 
Mg, and Al. Understanding these chemical patterns is key to testing 
theories of globular cluster formation and self-enrichment, particularly 
the roles of intermediate-mass AGB stars and fast-rotating massive stars 
in polluting second-generation stars. Therefore, as a case study, MRSES 
was applied to APOGEE-derived elemental abundances to distinguish 
between Na-rich and Na-poor populations in two globular clusters: M13 
and M3.

The MRSES algorithm is well-suited for this task. It can uncover 

groups of features, chemical, kinematic, or structural, that collectively 
distinguish alternative populations, offering insights into formation 
history and dynamical segregation.

The MRSES algorithm was configured with carefully selected pa
rameters to strike a balance between sensitivity, robustness, and 
computational efficiency when analyzing globular cluster stellar pop
ulations. A subset size of K = 5 was chosen to detect multivariate pat
terns while avoiding excessive dimensionality, which could weaken 
statistical power. A total of R = 20,000 random subsets were sampled, 
providing a sufficiently large statistical basis to estimate feature 
relevance.

To identify the most discriminative combinations, a Bhattacharyya 
distance threshold of 0.18 was applied. Subsets exceeding this threshold 
were retained as indicative of meaningful class separation between Na- 
rich and Na-poor stars.

The random subset generation used NumPy’s standard pseudo
random number generator, creating a reproducible sequence of subsets 
with the PCG64 algorithm, which is NumPy’s default since version 
1.17+.

Sensitivity tests confirmed the robustness of the results: variations in 
R or the Bh had minimal impact on the identities of the top variables, 
pairs, or triplets detected, demonstrating the stability of the observed 
chemical patterns.

In Fig. 7, we observe significant differences between the M13 and M3 
globular clusters. M13 exhibits a rich set of informative projections; 
nearly 20 % of subsets surpass the Bh threshold of 0.18, indicating 
robust structural differences between Na-rich and Na-poor stars. M3, by 
comparison, shows weaker separation and more ambiguous multivariate 
structure, consistent with its historically noted chemical homogeneity. 
MRSES feature rankings reinforce this contrast. In M13, [Al/Fe] and 
[Na/Fe] dominate, consistent with proton-capture nucleosynthesis and 
AGB enrichment signatures. In M3, [Fe/H] and [Ni/Fe] are most often 
selected, indicating that class separation is driven more by iron-group 
chemistry than by light-element processing. Notably, [Al/Fe], so 
prominent in M13, plays little role in M3.

In Fig. 8, we present the scatter plots of the variable pairs most 
frequently appearing in the MRSES selected subsets.

The [Al/Fe]–[O/Fe] anticorrelation in M13 confirms strong second- 
generation processing through proton-capture nucleosynthesis, likely 
from AGB stars or massive stars, as supported by past spectroscopic 
studies. In contrast, M3′s [Fe/H]–[Ni/Fe] structure shows only weak and 
noisy class separation, suggesting its subpopulations are less chemically 
distinct and shaped by more modest iron-group variations. These find
ings align qualitatively with earlier abundance analyses (e.g., Carretta 
et al., 2009; Johnson and Pilachowski, 2012; Meszaros et al., 2020), but 
represent a novel quantitative approach using MRSES multivariate se
lection to disentangle stellar populations in globular clusters.

Table 4 summarizes the Pearson correlation coefficients for the most 
frequently selected feature pairs from the MRSES analysis of M13 and 
M3 clusters. For each pair, correlation values are computed separately 
for Na-poor and Na-rich stellar populations.

The top three MRSES-selected features reveal key differences in the 
internal chemical structure of the clusters, as shown in Fig. 9. In M13, 
[Al/Fe], [α/Fe], and [O/Fe] collectively trace proton-capture nucleo
synthesis typical of second-generation stars. Their combination in
dicates deep processing by AGB stars, consistent with well-known Mg–Al 
and O–Na anticorrelations (Carretta et al. 2009; Johnson and Pila
chowski 2012). In contrast, M3 shows a dominance of [Fe/H], [Ni/Fe], 
and [Mg/Fe], suggesting weaker or no light-element processing and 
instead class separation driven by iron-group and α-element variations. 
This supports earlier findings that M3 contains a chemically milder 
second generation with narrower abundance spreads (Meszaros et al., 
2020).

MRSES successfully captures the internal chemical complexity of 
globular clusters. In M13, it recovers classic second-generation patterns 
and identifies key feature combinations with strong physical grounding. 

Table 3 
Variables Used for M3 and M13 GCs.

Feature Genuine Name

F19 [V/Fe]
F13 [Mn/Fe]
F14 [Cr/Fe]
F16 [K/Fe]
F17 [S/Fe]
F15 [O/Fe]
F12 [Ti/Fe]
F18 [Co/Fe]
F11 [Ni/Fe]
F5 [Ca/Fe]
F0 [Fe/H]
F1 [Mg/Fe]
F7 [C/Fe]
F4 [Si/Fe]
F2 [Al/Fe]
F23 C/N
F10 log(g)
F3 [α/Fe]
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Fig. 6. Selection of Na-rich and Na-poor Stars in M13 and M3 clusters using [Na/H] Threshold.
Panels display histograms of the [Na/H] distribution for each cluster. The blue vertical line indicates the threshold at [Na/H] = − 1.35 used to separate Na-poor (left 
of the line) from Na-rich (right of the line) populations.

Fig. 7. Comparison of Bhattacharyya Distance Distributions and Feature Selection Frequencies for M13 and M3 Clusters. 
(a) Distribution of Bh distances for 20,000 randomly selected subsets from M13. Subsets with Bh > 0.18 (red dashed line) account for 3944 cases (19.7 %), indicating 
strong multivariate separation. 
(b) Same for M3: only 1122 subsets (5.6 %) exceed the threshold, indicating weaker class separation. 
(c) MRSES feature selection frequencies in M13 using subsets with Bh > 0.18. [Al/Fe] dominates, followed by [Na/Fe], [Mg/Fe], [Ni/Fe], and log(g). 
(d) In M3, the top-selected features are [Fe/H], [Ni/Fe], and [Na/Fe], with lower frequencies overall, consistent with weaker separation.
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In M3, it highlights weaker, iron-driven differences, suggesting a milder 
enrichment history. These results align with prior studies but provide a 
novel multivariate framework for quantifying chemical substructure in 
stellar systems.

7. Discussion and conclusions

The MRSES algorithm demonstrates strong, scalable performance in 
detecting weak, structured signals in high-dimensional, noisy data. Its 
success comes from key design principles: randomized subset sampling, 
localized Bhattacharyya scoring, and frequency-based feature ranking. 
These methods enable MRSES to identify subtle multivariate de
pendencies that traditional techniques like PCA and LASSO (Tibshirani, 
1996), Random Forest (Breiman, 2001), often overlook, especially in 
sparse signal environments where features work together rather than 
separately.

Using APOGEE DR17 data (Abdurro’uf et al., 2022), we applied 

Fig. 8. Comparison of the most informative MRSES-selected feature correlations in M13 (left) and M3 (right): 
Left: [Al/Fe] vs [O/Fe] in M13 shows strong anticorrelation for both Na-poor (n = 46, r = − 0.580) and Na-rich (n = 95, r = − 0.623) stars. 
Right: [Fe/H] vs [Ni/Fe] in M3 shows weak correlations (Na-poor: r = − 0.021; Na-rich: r = 0.132). 
Color indicates class: blue = Na-poor, red = Na-rich, based on F6 = [Na/H] ≥ − 1.35.

Table 4 
Pearson correlation coefficients for top MRSES feature pairs.

Feature Pair M13 Na-poor 
r

M13 Na-rich 
r

M3 Na-poor 
r

M3 Na-rich 
r

[Al/Fe] vs [Fe/H] 0.371 0.388 ​ ​
[Al/Fe] vs [Mn/ 

Fe]
0.217 0.055 ​ ​

[Al/Fe] vs [O/Fe] − 0.58 − 0.623 ​ ​
[Al/Fe] vs [α/Fe] − 0.641 − 0.533 ​ ​
[Co/Fe] vs [Fe/ 

H]
​ ​ − 0.488 − 0.151

[Fe/H] vs [Mg/ 
Fe]

​ ​ − 0.33 − 0.27

[Fe/H] vs [Ni/ 
Fe]

​ ​ − 0.021 0.132

[Fe/H] vs [α/Fe] ​ ​ − 0.453 − 0.324

Fig. 9. 3D scatter plots of the most frequently selected MRSES features for the M13 and M3 clusters. Red points correspond to Na-rich stars (F6 ≥ − 1.35), and blue 
points to Na-poor stars. Axes represent the top three discriminating features for each cluster identified by MRSES with Bh > 0.18.
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MRSES to the elemental abundance distributions of M13 and M3 glob
ular clusters, separated into 2 classes by the spectroscopic threshold 
[Na/H] ≥ − 1.35 (Assisi et al., 2022). The algorithm effectively detects 
multivariate structures in M13, where second-generation features such 
as [Al/Fe], [Na/Fe], and [O/Fe] dominate, which aligns with earlier 
results from high-resolution spectroscopy (Carretta et al., 2009; Johnson 
and Pilachowski, 2012). In contrast, the M3 cluster shows weaker sep
aration, with iron-group elements ([Fe/H], [Ni/Fe]) more prominent, 
consistent with previous studies indicating a milder enrichment history 
(Mészáros et al., 2020).

The usage of Bhattacharyya distance is crucial in this success, as it 
detects differences in both the mean and covariance (Bhattacharyya, 
1943). This dual detection is especially important when class differences 
are shown not just by shifts in location (mean) but also by correlation 
patterns, such as in Na-rich stars with internal nucleosynthetic links 
between [Na/Fe], [Al/Fe], and [O/Fe].

In summary, MRSES provides a versatile and interpretable tool for 
identifying diagnostic patterns in high-dimensional astrophysical sys
tems. It complements and often surpasses standard methods by 
capturing feature combinations that work together to differentiate 
classes. Its use in globular cluster analysis opens exciting new avenues 
for multivariate exploration in Galactic archaeology.

Unlike traditional methods that examine variables individually, 
MRSES identifies multivariate feature combinations, such as the well- 
known Na–O anticorrelation, that provide compact and discriminative 
characterizations of stellar populations. Moreover, MRSES does not rely 
on linear assumptions and is robust against multicollinearity and spar
sity, making it ideal for datasets such as APOGEE or Gaia+ spectroscopy.

Future work could expand MRSES to explore unsupervised or semi- 
supervised clustering scenarios, thereby increasing its applicability to 
new databases obtained with new telescopes. Gaia has revolutionized 
globular-cluster science by providing cluster-wide proper motions for 
millions of stars, mapping extended tidal tails and ongoing disruption in 
the Galaxy’s assembly history (Baumgardt et al., 2019). Parallel to this, 
VISTA’s near-infrared surveys pierced through heavy bulge extinction to 
discover and characterize previously hidden or highly reddened clusters, 
and to clearly separate cluster members from the crowded field using 
infrared photometry and proper motions—updating the inventory and 
demographics of bulge GCs (Sutherland et al., 2015). Together, these 
missions have changed the view of GCs from static, simple systems to 
dynamically evolving, multi-origin remnants that reflect both internal 
dynamics and the Milky Way’s merger history.
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